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The rigorous analytical calculation of the diffusion coeffi-
cient is performed for the chaotic motion of a particle in a set
of longitudinal waves with random phases and large ampli-
tudes (∼ A). A first step proves the existence of a quasilinear
diffusion on a time scale ∼ A−2/3 lnA. A second step uses
this property to extend the result to asymptotic times by in-
troducing the conditional probability distribution of position
and velocity of an orbit at a given time when they are known
at a previous time.
PACS numbers:
52.35.-g (Waves, oscillations, and instabilities in plasmas and
intense beams)
05.45.-a (Nonlinear dynamics and nonlinear dynamical sys-
tems)
05.60.-k (Transport processes)
52.20.-j (Elementary processes in plasmas)
I. INTRODUCTION
Many chaotic Hamiltonian systems encountered in
physics display a chaotic diffusion and in many cases the
corresponding diffusion coefficient is given by a so-called
quasilinear estimate [1–4]. The proof that this estimate
is correct exists for the standard map with large con-
trol parameter [5], but is lacking for other systems with
a spatially smooth force. We provide this proof for the
one-dimensional chaotic motion of a particle in a general
set of waves.
This result strengthens the link between the micro-
scopic deterministic (chaotic) dynamics and the macro-
scopic stochastic motion. Its extension to the self-
consistent many-body problem is a central problem to
non-equilibrium statistical physics.
This paper is organized as follows. We first introduce
our model dynamics and stress the core of our argu-
ment. Then we recall the traditional argument deriv-
ing the quasilinear diffusion over a time short with re-
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spect to a characteristic time τspread ∼ A−2/3 (A being a
typical value of the wave amplitudes) and introduce the
explicit form of the quasilinear diffusion coefficient. We
rederive this result within our new approach and take ad-
vantage of a better understanding of the particle motion
to extend the validity of quasilinear diffusion to a time
scale ∼ A−2/3 lnA, which is longer than the traditional
scale τspread for A large. Finally, we introduce the con-
ditional probability distribution of position and velocity
of a chaotic orbit at a given time when they are known
at a previous time and, thanks to the non-confinement
of the velocity of the chaotic orbit, we further extend the
quasilinear estimate to asymptotic time scales.
II. DYNAMICAL MODEL AND ASSUMPTIONS
We consider the dynamics of a particle in a set of longi-
tudinal waves (e.g. Langmuir waves) with random phases
and large amplitude, as defined by the Hamiltonian
H(p, q, t) =
p2
2
+
M∑
m=1
Am cos(kmq − ωmt+ ϕm), (1)
where the ϕm’s are random variables, and the
(Am, km, ωm)’s are prescribed triplets of positive param-
eters. Such a dynamical system has already been studied
in the literature, and for large Am’s the diffusion coef-
ficient has been found numerically to take on the quasi-
linear value [4,6–9] defined below [10]. The average over
M ≫ A2/3 lnA ≫ 1 random phases is central to our
proof, in agreement with the occurrence of uncontrolled
phases in many experiments and with the fact that the
transport in (1) is much less diffusion-like if one aver-
ages only over initial conditions (p0, q0) [11]. The large
A limit (dynamically speaking, the limit of strong res-
onance overlap parameter) corresponds to the limit of
continuous spectrum often encountered in physics.
In agreement with most of the literature on quasilin-
ear transport, the analysis is performed here in terms
of quadratic means, and not in terms of the probabil-
ity distribution functions, but we indicate at the end of
this paper how our technique could be used to prove the
gaussianity of such functions.
The equations of motion are
q˙ = p, (2)
1
p˙ =
M∑
m=1
Amkm sin(kmq − ωmt+ ϕm). (3)
We first consider the time to be short enough for the orbit
to stay close to the unperturbed orbit q(0)(t) = q0 + p0t,
and let ∆q(t) = q(t) − q(0)(t), ∆p(t) = p(t) − p0. We
compute their statistical properties when averaging over
all ϕm’s.
For completeness, we first evaluate ∆p(t) by the tra-
ditional technique [1,2] using first order perturbation in
the amplitudes:
∆p(t) =
M∑
m=1
(Amkm/Ωm)
[cos(kmq0 + ϕm)− cos(Ωmt+ kmq0 + ϕm)], (4)
with Ωm = kmp0 − ωm; if Ωm = 0 for some m,
the corresponding term in the sum is the limit as
Ωm → 0. At this order, 〈∆p(t)〉 = 0 and 〈∆p2(t)〉 =∑M
m=1(Amkm/Ωm)
2[1− cos(Ωmt)].
Let vm = ωm/km. We assume that ∆Ωm = Ωm+1−Ωm
and ∆vm = vm+1 − vm have a sign independent of m,
which is natural for Langmuir waves and for the dynamics
of Ref. [8]. Let
Dm ≡ πA
2
mkm
2|∆vm| = limp0→vm
π(Amkm)
2
2|∆Ωm| . (5)
Dm may fluctuate with m, but we assume (for simplicity
only) that for
some L ≥ 0,∑Lj=−LDm+j|∆vm+j |/|vm+L+1−vm−L| is a
constant DQL, called the quasilinear diffusion coefficient.
Let ∆ΩLM = max |Ωm+L+1 − Ωm−L|, τdiscr = ∆Ω−1LM
and τc = (Ωmax−Ωmin)−1 ; τdiscr and τc are respectively
the discretization time and the correlation time of the
wave spectrum as seen by the particle.
III. NON-CHAOTIC INITIAL QUASILINEAR
TRANSPORT
Assuming τc ≪ t ≪ τdiscr, one obtains 〈∆p(t)2〉 =
(2DQL/π)
∫∞
−∞
Ω−2[1 − cos(Ωt)]dΩ = 2DQLt, where the
discrete sum has been turned into an integral. As a
result, the diffusion coefficient takes on the quasilinear
value DQL. A similar calculation for q yields 〈∆q(t)〉 = 0
and 〈∆q(t)2〉 = 2DQLt3/3. For t ≪ τc, ∆p grows
linearly with time, and 〈∆p2〉 grows quadratically, as
all modes act with a constant force on the orbit. For
τc ≪ t ≪ τdiscr, the range of m contributing to the dif-
fusion (modes acting with a nearly constant force) nar-
rows like 1/t. The range of t is further restricted by
the condition for the orbit to remain close to the unper-
turbed one. This is traditionally obtained by requiring
〈k2max∆q2(t)〉 ≪ 4π2, namely t≪ τspread with
τspread =
(
6π2k−2maxD
−1
QL
)1/3
= 4γ−1D (6)
where we introduce the resonance broadening frequency
γDn ≡ (k2nDQL)1/3 and take γD ≡ maxn γDn.
In our approach, we evaluate ∆p(t) as in Ref. [8] by
integrating formally the equation of motion for p. This
yields 〈∆p(t)〉 = 0 over the range 0 ≤ t ≪ τQL defined
below, and 〈∆p2(t)〉 = ∆0 +∆+ +∆−, with
∆j = −ηj
∫ t
0
∫ t
0
M∑
m1=1
M∑
m2=1
Am1km1Am2km2
2
〈cos[Φm1(t1) + ηjΦm2(t2)]〉dt1dt2 (7)
where Φm(t) = km∆q(t) + Ωmt + ϕm, with η± = ±1
and η0 = −1, and under condition m1 6= m2 for
j = −, and condition m1 = m2 for j = 0. Let
t− = t1 − t2 and t+ = (t1 + t2)/2. For t− ≪ τspread,
〈exp[ikm
(
∆q(t++ t−/2)−∆q(t+− t−/2)
)
]〉 may be con-
sidered as equal to 1. Therefore the support in t−
of the integrand in ∆0 is of the order of τc. We as-
sume τc ≪ τspread. Hence the integration domain in
t− may be restricted to |t−| ≤ ντc where ν is a few
units. In the limit where ντc ≪ t ≪ τdiscr, we obtain
∆0 =
∑M
m=1
∫ t
0
(2Dm/π)
∫ ντc
0
〈cos[Ωmt−]〉∆Ωmdt−dt+ =
2DQL
∑M
m=1(πΩm)
−1〈sin[Ωmντc]〉∆Ωmt = 2DQLt, with
the discrete sum over m approximated by an integral.
For t ≪ τspread we approximate q(t) by its unper-
turbed value q(0)(t). As this orbit does not depend
on the phases, the averaged cosines in (7) are zero for
j = ±, and so are the ∆±’s. Then our second ap-
proach shows again that the diffusion coefficient takes
on the quasilinear value. 〈∆q2(t)〉 too may be com-
puted by integrating the equation of motion [12]. This
involves calculating 〈∆p(t1)∆p(t2)〉, in the same way as
〈∆p2(t)〉, and one recovers the traditional estimate for
〈∆q2(t)〉. This provides a way for introducing the condi-
tion t≪ τspread without resorting to the traditional per-
turbative approach, and shows that the usual quasilinear
diffusion coefficient may be recovered independently by
our second approach.
IV. CHAOTIC TRAJECTORY SPREADING
In fact our second approach is much more powerful.
As was pointed out in Ref. [8], ∆± vanishes provided
that the dependence of ∆q over any Nϕ = 2 phases with
all other phases fixed is weak, a condition far less strin-
gent than the previous condition Nϕ = M which led to
t ≪ τspread. Reference [8] estimated the upper bound in
time of the initial quasilinear diffusion through numerical
calculations for moderate values of the waves amplitude.
Here we derive such a bound analytically for large enough
amplitudes.
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We measure these amplitudes by the parameter En =
[2DQLkn|∆vn|/π]1/2 which corresponds to the typical
electric field of a wave. A related dimensionless quantity
characterizes our scaling, namely the Chirikov resonance
overlap parameter
s(vn) = 2[A
1/2
n +A
1/2
n+1]/|∆vn| (8)
or equivalently the ratio
B(vn) ≡ kn|∆vn|/γDn ≃ 5s−4/3 (9)
of the frequency mismatch between neighbouring waves
(in the frame of either wave) to their resonance broad-
ening frequency. As these quantities depend on n, they
characterize the dynamics locally. In the following, we
are interested in the dense spectrum, or strong overlap,
or large amplitude limit. To ensure a genuine scaling, we
consider families of dynamics (1) where En = Ean and
the reference amplitudes an are constant while E → ∞,
or B(vn) = Bbn and the coefficients bn are constant while
B → 0.
Apart from the small dimensionless parameter B, we
also introduce the Kubo number Kc ≡ τc/τspread. The
wide velocity spectrum of the waves ensures that Kc ≪ 1.
The limit of interest is the joint limit Kc → 0 and
B → 0 (or Kc → 0 and s→∞).
A. Spreading due to a single random phase
In order to avoid too heavy formulas, we give the ex-
plicit derivation for the spreading due to one phase, and
extend the result to two phases afterwards. To estimate
this spreading we study how the orbit which is at (q0, p0)
at t = 0 is modified when phase ϕn changes from 0 to a
finite value. Let (q6n(t), p 6n(t)) be the orbit for ϕn = 0, let
δqn(t) = q(t)− q6n(t) and δpn(t) = δq˙n(t) = p(t)− p 6n(t).
We assume t to be small enough so that kmax|δqn(t)| ≪ π.
As δqn(t) is small, we may linearize the motion
δp˙n(t) ≃ F (t)δqn(t) +Ankn(sinΨn(t)− sinΨn0(t))
(10)
where F (t) =
∑M
m=1 k
2
mAm cosΨm(t), with Ψm =
kmq6n(t) − ωmt + ϕm and Ψn0 = knq6n(t) − ωnt. Then
(10) and initial conditions (δqn(0), δpn(0)) = (0, 0) imply
δqn(t) =
∫ t
0
(t− t′′)F (t′′)δqn(t′′)dt′′ + δqn0(t) (11)
where
δqn0(t) = Ankn
∫ t
0
∫ t′
0
(
sinΨn(t
′′)−sinΨn0(t′′)
)
dt′′dt′. In
the short-time limit, the dominant term in expression
(11) for δqn will be δqn0, but over longer times the first
term may self-amplify and overtake the second one.
We only estimate 〈δqn(t)2〉, but 〈δqn(t)〉 can be com-
puted by the same technique and turns out to be negli-
gible over the time interval of interest. In a first stage,
consider the contribution of δqn0 to the variance, C0(t) ≃
〈δqn0(t)2〉 = (k2nA2n/2)
∫ t
0
∫ t′1
0
∫ t
0
∫ t′2
0
〈
cos
(
Ψn(t
′′
1 ) −
Ψn(t
′′
2)
)〉
dt′′2dt
′
2dt
′′
1dt
′
1. To estimate this expression, note
that Ψn(t
′′
1 )−Ψn(t′′2)−Ωn(t′′1−t′′2) = kn(q6n(t′′1 )−q6n(t′′2 ))−
knp0(t
′′
1 − t′′2 ), and, for the range of time of interest,
q6n(t
′′) − q(0)(t′′) is essentially the sum of M − 1 terms
in which a random phase ϕm (m 6= n) is added to a
term which has a weak dependence on ϕm. Therefore,
this sum is almost gaussian, and for M ≫ 1 we may ap-
proximate q˙6n(t
′′) by a brownian motion. Furthermore, as
M ≫ 1, we approximate q6n(t′′) by q(t′′) in the averages.
Using the distribution of ∆q(t2) − ∆q(t1), we find [13]
the estimate
C0(t) ≤ C0M(t) ≡ 0.28kn|∆vn|γ2Dnt3 = 0.28B (γDnt)3.
(12)
For the second stage, we take into account the first
term in the right hand side of (10). As δqn is small,
we may treat F (t) as a gaussian process with moments
〈F (t)〉 = 0 and 〈F (t1)F (t2)〉 = 2γ3Dnδ(t1 − t2) where
δ(t) is the Dirac distribution. Indeed q6n(t) has a weak
dependence on any phase ϕm, which makes 〈F (t1)F (t2)〉
a Bragg-like function with the small width τc in t1 −
t2. Higher moments of F are assumed to factorize, i.e.
F is treated as a white noise, which is consistent with
approximating q˙6n(t) by a brownian motion.
We estimate the spreading of δqn(t) by computing
C(t) ≡ 〈δqn(t)2〉
≃
∫ t
0
∫ t′1
0
∫ t
0
∫ t′2
0
〈F (t′′1 )F (t′′2)〉〈δqn(t′′1)δqn(t′′2 )〉
dt′′2dt
′
2dt
′′
1dt
′
1 + C0(t)
= (E2/2)
∫ t1
0
∫ t2
0
∫ min(t′1,t′2)
0
C(t′′)dt′′dt′2dt
′
1
+C0(t). (13)
It follows from (10) and our assumptions on F that
C(t) = C0(t) + LC(t) with
Lf(t) = (E2/2)
∫ t
0
∫ t
0
∫min(t′1,t′2)
0
f(t′′)dt′′dt′2dt
′
1.
As (1−L)−1 preserves positivity [14], C = (1−L)−1C0 ≤
(1−L)−1C0M ≡ CM. Applying the Laplace transform to
both sides of equation CM = C0M + LCM, we compute
CM and find
C(t) ≤ CM(t) = 0.14Bk−2n
(
et
′ − 1 + 2g(t′)) (14)
with t′ ≡ 41/3γDnt and g(t′) = e−t′/2 cos(t′
√
3/2) − 1.
This estimate for the variance of δqn(t) starts from zero
at t = 0 and diverges exponentially for t→∞. Its expo-
nentiation time scale τLiap ∼ γ−1Dn ∼ τspread is the recip-
rocal of the Liapunov characteristic instability rate (this
is reminiscent of Ref. [4]). However, as the coefficient in
3
front of the exponential goes to zero as E →∞, the time
needed by our upper estimate on k2nC(t) to reach unity
is of the order of
τQL = γ
−1
D | lnB| (15)
Though this time goes to zero as E →∞, it is O(lnB−1)
times larger than the time τspread over which the initial
quasilinear approximation is traditionally justified.
B. Spreading due to two random phases
The result of this discussion is that “q(t) depends little
on any given phase over a time τQL”. For M ≫ 1, the
argument is easily strengthened into “q(t) depends little
on any two given phases over a time τQL”. To this end
(q6m1, 6m2(t), p 6m1, 6m2(t)) and (δq(t), δp(t)) are defined start-
ing from ϕm1 = ϕm2 = 0, and a third term similar to the
second one adds in the right hand side of (10). The first
stage of our iteration procedure now estimates the con-
tribution of both phases ϕm1 and ϕm2 by a term again
of the order of B−2γ3Dt3, while the second stage does not
change.
As a result, for t ≪ τQL, the non-quasilinear terms
∆± are negligible since q has a small dependence on any
given pair of phases in this time range. Furthermore these
terms may be estimated by expliciting in the argument of
the cosine of (7) the main dependence over ϕm1 and ϕm2
through estimates δΦm1 and δΦm2 of the type kmδqn0 for
both phases, and by expanding to second order in these
δΦ’s. Such estimates hold for t ≪ βτQL with 0 < β < 1
for E large enough, and yield ∆+ ∼ E4τ2c t2 and ∆− ∼
E4t5 which are negligible with respect to ∆0 in the time
interval of interest, and do not grow with M although
there are 2M2 −M “off-diagonal” terms.
V. QUASILINEAR TRANSPORT OVER LARGE
TIMES
Finally, we show that the quasilinear estimate holds
for asymptotic times. Let pmin = min(vm) and pmax =
max(vm). We assume that in the velocity domain
[pmin, pmax] the dynamics is chaotic enough for a typi-
cal orbit to be unconfined in p within this domain, but
that the time of interest is also smaller than the time for
the orbit to reach the boundaries of the chaotic domain.
Therefore we set the condition min[(p0 − pmin)2, (p0 −
pmax)
2] ≫ DQLτQL ∼ k−2n γ2Dn ln(B−1) to compute now
the diffusion coefficient due to the chaotic motion when
M and E are large. We define δq(τ |p, q, t) = q(t+τ)−q−
pτ , where q(t′) is the position at time t′ of an orbit which
is at (p, q) at time t : δq(τ |p, q, t) tells the departure of
this orbit from the free motion during the time interval
τ .
Integrating formally the equation of motion for p yields
〈∆p2(t)〉 = −
M∑
m,n=1
∑
ǫ=±1
ǫ
AmkmAnkn
2
∫ t
0
∫ t
0
〈cosΦ〉dt′dt′′
(16)
where Φ = (km+ǫkn)q(t
′′)+kmδq[t
′−t′′|p(t′′), q(t′′), t′′]+
kmp(t
′′)(t′−t′′)−ωmt′−ǫωnt′′+ϕm+ǫϕn. We introduce
the probability distribution P (δp, t|p0) of δp = p(t)− p0
for an orbit started at p = p0 at t0 = 0; it is independent
of q0.
〈cos[kmδq
(
t′ − t′′|p(t′′), q(t′′), t′′)]〉 is independent of
q(t′′), and its contribution for diagonal (m = n, ǫ = −1)
terms to (16) is
B
≡ lim
t→∞
M∑
m=1
(Amkm)
2
4t
∫ t
0
∫ t
0
∫
P (δp, t′′|p0)
〈cos[kmδq
(
t′ − t′′|p0, q(t′′), t′′
)
]〉∗
cos[km(p0 + δp)(t
′ − t′′)− ωm(t′ − t′′)]
dδpdt′dt′′
= lim
t→∞
M∑
m=1
(Amkm)
2
4t
ℜ
∫ t
0
∫ t−t′′
−t′′
P˜ (kmτ, t
′′|p0)
exp[iΩmτ ]〈exp[ikmδq(τ |p0, q(t′′), t′′)]〉∗dτdt′′, (17)
where the starred average means the average done with
the constraint p(t′′) = p0 + δp, and where the Fourier
transform
P˜ (α, t′′|p0) =
∫ ∞
−∞
P (δp, t′′|p0) exp(iαδp)dδp (18)
was used. As δq is computed with the knowledge of p at
time t′′ which sets only one condition on a set of many
phases, an average with the constraint p(t′′) = p0 + δp
may be computed by using the initial quasilinear es-
timate at time |t′ − t′′| ≤ τQL. Hence the function
〈exp[ikmδq(t′−t′′|p, q(t′′), t′′)]〉∗ is correctly computed by
the previous quasilinear estimate over its whole support
in t′ − t′′ as τQL ≫ τspread. This estimate is indepen-
dent of p, and we could set p = p0 in the average co-
sine. Up to t = τQL, the width of P is growing, since
we proved 〈∆p2(t)〉 grows linearly over this time inter-
val. Later on this width cannot decrease because of the
locality of chaotic motion [8,15]. We assume t≫ τspread.
Then the width w of P˜ is narrow enough for the spread
of δq to be negligible over a time τ ∼ w/km. Therefore
〈exp[ikmδq(τ |p0, q(t′′), t′′)]〉∗ ≃ 1 in the part of the in-
tegration domain over τ where P˜ takes appreciable val-
ues in (17), and B = limt→∞
∑M
m=1
πA2
m
km
2t
∫ t
0
P (vm −
p0, t
′′|p0)dt′′ =
∫ t
0
∑M
m=1
Dm∆vm
2t P (vm − p0, t′′|p0)dt′′,
where the inverse Fourier transform was provided by the
integral over τ .
Now, if t is large enough for P to be almost constant
over the range [vm−L, vm+L] for all m’s, we approxi-
mate
∑L
j=−LDm+j |∆vm+j |/|vm+L+1 − vm−L| ≃ DQL
4
and substitute the sum over vm by an integral : B =
2
∫ t
0
∫
DQLP (p− p0, t′′|p0)dpdt′′ = 2DQLt.
The general term of (16) can be estimated by a sim-
ilar calculation. A sequence of two Fourier transforms
is again recovered. After the first one, averages of the
kind 〈exp i[kmδq(τ |p0, q(t′′), t′′)+ϕm+ ǫϕn]〉∗ are found.
They vanish as the constraint p(t′′) = p0 + δp leaves al-
most free the average on any two phases, and since δq
is negligible for τ small. Therefore only B contributes
to 〈∆p2(t)〉 which thus grows in a quasilinear way. This
ends our proof of the quasilinear estimate for asymptotic
times.
Note that the conditional probability P permits to use
the knowledge of initial quasilinear diffusion for proving
it over asymptotic times only because we proved before
that τQL ≫ τspread. In contrast with the initial non-
chaotic quasilinear regime, the number of modes acting
on the particle increases with t. This agrees with the fact
that the orbit visits an increasing number of resonances
when time increases.
VI. CONCLUSION
Thus we prove the quasilinear character of the diffusion
for the motion of a particle in a spectrum of large ampli-
tude longitudinal waves. Our technique can be adapted
to systems with a slow dependence of the quasilinear dif-
fusion coefficient on p. As many Hamiltonian systems
may be locally reduced to case (1) [16], this further ex-
tends its range of applicability and shows that the uni-
versality class of quasilinear diffusion is broad. It also
provides insight for the case where particles and waves
are self-consistently coupled [17].
Higher order moments of ∆p could be computed using
a similar technique. Indeed, preliminary calculations in-
dicate that the use of conditional probabilities should en-
able one to retain after Fourier transforms the same terms
for the moment of order κ as in the case where q(t) is
weakly dependent on any phase provided that κ≪ B−1,
which yields a gaussian estimate. Proving the Gaussian-
ity of f would also lead to a Fokker-Planck-Smoluchowski
evolution equation for f .
The value of B (which depends only on local aspects
of the spectrum : A, k, δv) determines the time scale
over which the quasilinear approximation holds. Given
B ≪ 1, this time scale is t ≫ τQL. On the other
hand, we require that the motion remains away from the
boundaries pmin and pmax of the wave spectrum. Given
the scaling 〈∆p2〉 ∼ 2Dt, the boundary is reached for
tbound ∼ D−1M2∆v2 ∼ M2BτQL. As M is independent
of B, one may let M →∞ to ensure tbound to be as large
as desirable.
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